Abstract. We identify four countable topological spaces S2, S1, SD, and S0 which serve as canonical examples of topological spaces which fail to be quasi-Polish. These four spaces respectively correspond to the T2, T1, TD, and T0-separation axioms. S2 is the space of rationals, S1 is the natural numbers with the cofinite topology, SD is an infinite chain without a top element, and S0 is the set of finite sequences of natural numbers with the lower topology induced by the prefix ordering. Our main result is a generalization of Hurewicz's theorem showing that a co-analytic subset of a quasi-Polish space is either quasi-Polish or else contains a countable Π 0 2 -subset homeomorphic to one of these four spaces.
Introduction
This paper is a continuation of recent work on developing the descriptive set theory of general topological spaces initiated by V. Selivanov (see [11] ). It was recently shown in [3] that a very general class of countably based topological spaces, called quasi-Polish spaces, allow a natural extension of the descriptive set theory of Polish spaces (see [7] ) to the non-metrizable case. The class of quasi-Polish spaces contains not only the class of Polish spaces, but also many non-Hausdorff spaces that occur in fields such as theoretical computer science (e.g., ω-continuous domains with the Scott-topology) and algebraic geometry (e.g., the spectrum of a countable commutative ring with the Zariski topology).
Given that so many important classes of countably based spaces happen to be quasiPolish, it would be nice to have examples and characterizations of the spaces that are not quasi-Polish. In the traditional descriptive set theory for Polish spaces, the space of rationals is the typical example of a metrizable space that is not Polish. In fact, an important theorem by W. Hurewicz [6] states that a co-analytic subset of a Polish space is either Polish or else it contains a closed subset homeomorphic to the rationals. This shows that the rationals are the "canonical" example of a non-Polish metrizable space, since any "definable" example of a non-Polish metrizable space will contain the rationals as a closed subset. The reader can find a proof of Hurewicz's original theorem and some generalizations in [7] (Theorem 21.18), [12] (Corollary 8), and [8] .
Furthermore, as a result of our Theorem 5.6 below, S 0 cannot be embedded into a quasi-Polish space as a Π 0 3 -subset. It follows from the results of [3] that S 0 is a countable space which does not admit a bicomplete quasi-metric (the only other typical example of such a countable space that the author is aware of is the set of rationals with the Scott-topology under the usual ordering).
It is also interesting to note that S 0 and S 2 are the canonical examples of countable sober spaces which are not quasi-Polish. From R. Heckmann's characterization of countably presentable locales in [5] , we can conclude that the topologies of S 0 and S 2 do not have countable presentations. This paper is composed of seven sections. We provide some preliminary definitions in the next section. Each of the later sections is concerned with extending our characterizations of non-quasi-Polish spaces to more general classes of spaces, leading up to our final characterization of all co-analytic spaces in the last section.
Preliminaries
Our notation will follow that of [3] . The reader is expected to be familiar with general topology, descriptive set theory [7] , and domain theory [4] . The following modification of the Borel hierarchy, due to V. Selivanov, is required in order to provide a meaningful classification of the Borel subsets of non-metrizable spaces. We define Π 0 α (X) = {X \ A | A ∈ Σ 0 α (X)} and ∆ 0 α (X) = Σ 0 α (X) ∩ Π 0 α (X). The above definition is equivalent to the classical definition of the Borel hierarchy for metrizable spaces, but it differs for more general spaces.
A topological space is quasi-Polish if and only if it is countably based and admits a Smyth-complete quasi-metric. Polish spaces and ω-continuous domains are examples of quasi-Polish spaces. A space is quasi-Polish if and only if it is homeomorphic to a Π 0 2 -subset of P(ω), the power set of ω with the Scott-topology. The reader should consult [3] for additional results on quasi-Polish spaces.
Since we will only be concerned with countably based spaces, the following notation will be convenient. Definition 2.2. Given a countably based space X with a basis {B i } i∈ω of open sets, we define B(x, n) = {B i | x ∈ B i and i ≤ n} for each x ∈ X and n ∈ ω.
In the above definition we are using the convention that the empty intersection equals X, so B(x, n) = X if there is no i ≤ n with x ∈ B i . Note that for any open U containing x, there is n ∈ ω with x ∈ B(x, n) ⊆ U .
We will also often refer to the specialization order on a topological space.
Definition 2.3. Given a topological space X, the specialization order ≤ on X is defined as x ≤ y if and only if x is in the closure of y.
The specialization order on X is a partial order if and only if X is a T 0 -space. The specialization order is a trivial partial order if and only if X is a T 1 -space.
Countable perfect T D -spaces
A subset of a space is locally-closed if it is equal to the intersection of an open set with a closed set. A T D -space is a space in which every singleton subset is locally closed. A space is perfect if and only if every non-empty open subset is infinite. Note that if X is a T 0 -space, then X is perfect if and only if there is no x ∈ X such that the singleton subset {x} is open.
Our interest in countable perfect T D -spaces is due to the fact that a countably based countable T D -space is quasi-Polish if and only if it does not have a non-empty perfect subspace (see the section on scattered spaces in [3] ).
In order to help familiarize the reader with T D -spaces, we first prove a characterization of countably based countable T D -spaces in terms of the Borel complexity of the diagonal (recall that the diagonal of a space X is defined as ∆ X = { x, y ∈ X × X | x = y}).
Theorem 3.1. The following are equivalent for a countably based space X with countably many points:
Easily follows from the definition of the T D -axiom because locally closed sets are ∆ 0 2 . (2 ⇒ 3). If every singleton subset of X is ∆ 0 2 , then the countability of X implies that every subset of X is the countable union of ∆ 0 2 -sets. Thus for any S ⊆ X both S and the complement of S are Σ 0 2 , hence S is ∆ 0 2 . (3 ⇒ 4). For each x ∈ X, the singleton {x} is in Σ 0 2 (X) by assumption, hence there are open sets U x and V x such that {x}
It was shown in [3] that the diagonal of every countably based T 0 -space is
Let x be any element of X. Then there is some i ∈ ω such that x, x ∈ U i \ V i . Let U be an open neighborhood of x such that x, x ∈ U × U ⊆ U i . Fix any y ∈ U distinct from x. Clearly, x, y ∈ U × U ⊆ U i , hence x, y ∈ V i because x, y ∈ ∆ X . Let V and W be open subsets of X such that x, y ∈ V × W ⊆ V i . Then x ∈ W because otherwise we would have the contradiction x, x ∈ V i . Therefore, W is a neighborhood of y that does not contain x, hence y is not in the closure of {x}. Thus, {x} equals the intersection of U with the closure of {x}, and it follows that X is a T D -space.
The three spaces S 2 , S 1 , and S D defined in the introduction are the canonical countably based countable perfect T D -spaces. The goal of this section is to prove that any non-empty countably based countable perfect T D -space contains one of the above spaces.
Lemma 3.2. If X is a non-empty countably based countable perfect T D -space, then either X contains a perfect subspace homeomorphic to S D or else X contains a non-empty perfect T 1 -subspace.
Proof. Define M ax(X) to be the subset of X of elements that are maximal with respect to the specialization order. It is immediate that M ax(X) is a T 1 -space.
First assume there is some x 0 ∈ X such that there is no y ∈ M ax(X) with x 0 ≤ y. Then x 0 ∈ M ax(X), so there is some x 1 = x 0 with x 0 ≤ x 1 . The assumption on x 0 implies x 1 ∈ M ax(X), so there is x 2 = x 1 with x 0 ≤ x 1 ≤ x 2 . Continuing in this way, we produce an infinite sequence {x i } i∈ω of distinct elements of X with x i ≤ x j whenever i ≤ j. Clearly {x i } i∈ω , viewed as a subspace of X, is homeomorphic to S D .
So if X does not contain a copy of S D , then every element of X is below some element of M ax(X) with respect to the specialization order. This implies, in particular, that M ax(X) is non-empty. We show that M ax(X) is perfect as a subspace of X. Assume for a contradiction that there is x ∈ M ax(X) and open
, where Cl(·) is the closure operator on X. Then W = U ∩ V is an open subset of X containing x. Fix any y ∈ W . By assumption, there is some y ∈ M ax(X) such that y ≤ y . Since W is open, the definition of ≤ implies that y ∈ W . Since {x} = W ∩ M ax(X), it follows that y = x hence y ≤ x. Therefore, y ∈ Cl({x}) which implies x = y because {x} = W ∩ Cl({x}). Since y ∈ W was arbitrary, {x} = W is an open subset of X, which contradicts X being a perfect space. Therefore, M ax(X) is a non-empty perfect T 1 -subspace of X.
As a result of the above lemma, it only remains to consider the case of perfect T 1 -spaces. For any topological space X, open U ⊆ X, and x ∈ X, we write x U if x ∈ U and for every open V containing x and non-empty open W ⊆ U , the intersection V ∩ W is non-empty. In other words, x U if and only if x ∈ U and every neighborhood of x is dense in the subspace U . Note that if x U and V ⊆ U is open and contains x, then x V . We define D(X) to be the set of all x ∈ X such that there is open U ⊆ X with x U .
In the proofs of the next two lemmas, X will be a countably based space with a basis {B i } i∈ω of open sets. We define B(·, ·) as in Definition 2.2. Lemma 3.3. If X is a countably based countable perfect T 1 -space and D(X) has non-empty interior, then X contains a perfect subspace homeomorphic to S 1 .
Proof. Choose any x 0 in the interior of D(X) and let U 0 be an open subset of X with x 0 U 0 ⊆ D(X). Then U 0 is infinite because X is perfect, so we can choose x 1 ∈ U 0 distinct from x 0 and find open U 1 ⊆ U 0 with x 1 U 1 .
Let n ≥ 1 and assume we have defined a sequence x 0 , . . . , x n ∈ X and open sets U 0 ⊇ · · · ⊇ U n with x i U i ⊆ D(X). We choose x n+1 ∈ X and open U n+1 ⊆ U n with x n+1 U n+1 as follows. Define V n i = U i ∩ B(x i , n) for 0 ≤ i ≤ n, and let V n = V n 0 ∩ . . . ∩ V n n . Since x n−1 ∈ V n n−1 and V n n ⊆ U n−1 is non-empty, x n−1 U n−1 implies V n n−1 ∩V n n is non-empty. Continuing this argument inductively shows that V n is a non-empty open set. Thus V n is infinite, so there is x n+1 ∈ V n distinct from
Let S = {x i ∈ X | i ∈ ω} be the subset of X of the elements enumerated in the above construction. We claim that S is homeomorphic to S 1 . S is infinite by construction, and the assumption that X is a T 1 -space implies that the subspace topology on S contains the cofinite topology. Therefore, it suffices to show that every non-empty open subset of S is cofinite. Let U ⊆ S be non-empty open, so there is some i ∈ ω with x i ∈ U . Let m ≥ i be large enough that S ∩ B(x i , m) ⊆ U . By the construction of S, x n+1 ∈ V n ⊆ B(x i , n) ⊆ B(x i , m) for all n ≥ m. It follows that x n+1 ∈ U for all n ≥ m, hence U is a cofinite subset of S.
The final case to consider is when X is a T 1 -space and X \ D(X) is dense in X.
Lemma 3.4. If X is a countably based countable perfect T 1 -space and X \ D(X) is dense in X, then X contains a perfect subspace homeomorphic to S 2 .
Proof. Note that if x ∈ X \ D(X) and U is any open set containing x, then there exists non-empty open sets V, W ⊆ U with x ∈ V and V ∩ W = ∅.
In the following, we denote the length of a sequence σ ∈ 2 <ω by |σ|. We associate each σ ∈ 2 <ω with an element x σ ∈ X \ D(X) and open set U σ ⊆ X containing x σ as follows. For the empty sequence ε choose any x ε ∈ X \ D(X) and let U ε = X.
Next let σ ∈ 2 <ω be given and assume x σ ∈ X \ D(X) and U σ have been defined. Let U, V ⊆ B(x σ , |σ|) ∩ U σ be non-empty open sets such that x σ ∈ U and U ∩ V = ∅. Since V is non-empty and X \ D(X) is dense, there exists some
A simple inductive argument shows that U σ ∩ S is clopen in S for each σ ∈ 2 <ω . We show that S is a perfect zero-dimensional T 2 -space. Fix any σ ∈ 2 <ω and open U ⊆ S containing x σ . Let n ∈ ω be large enough that B(x σ , n) ∩ S ⊆ U . We can append a finite number of 0's to the end of σ to obtain a sequence σ with |σ | ≥ n and x σ = x σ . Then x σ 1 = x σ and x σ 1 ∈ B(x σ , n) ∩ S ⊆ U . It follows that {x σ } is not open in S, so S is a perfect space. Furthermore, U σ 0 ∩ S is a clopen set containing x σ and contained in U , which implies that S is a zero-dimensional T 2 -space.
It follows that S is a non-empty countable perfect metrizable space, hence S is homeomorphic to S 2 (see Exercise 7.12 in [7] ).
Combining the previous three lemmas with the observation that every subset of a countable T D -space is ∆ 0 2 , we obtain the following. Theorem 3.5. If X is a non-empty countably based perfect T D -space with countably many points, then X contains a perfect ∆ 0 2 -subspace homeomorphic to either S D , S 1 , or S 2 .
Completely Baire spaces
A space is a Baire space if every intersection of countably many dense open subsets is dense. A space is completely Baire if every closed subspace is a Baire space. In this section we provide some characterizations of countably based T 0 -spaces that are completely Baire. In particular, we show that a countably based T 0 -space is completely Baire if and only if it does not contain a non-empty Π 0 2 -subset which is a countable perfect T D -space. The following theorem is a generalization of some results by W. Hurewicz [6] .
Theorem 4.1. The following are equivalent for a countably based T 0 -space X: (1) X is completely Baire, (2) X does not contain a non-empty Π 0 2 -subset which is a countable perfect T D -space,
2 -subspace of X is a completely Baire space. Proof. (1 ⇒ 2). Assume there is some Y ∈ Π 0 2 (X) which is a countable perfect T D -space. Then we can write Y = i∈ω (A i ∪ U i ), with A i ⊆ X closed and U i ⊆ X open. Let C be the closure of Y in X, and let {y i } i∈ω be an enumeration of the elements of Y .
Let
where Cl C (·) is the closure operator in the subspace C of X. We claim that W i is dense and open in the subspace C. For a contradiction, assume U is a non-empty relatively open subset of C and
Next define
is the interior operator in the subspace C. We claim that V i is also dense and open in the subspace C. Let U be a non-empty open set in the subspace
The choice of W i imply that S ∩ Y = ∅, and the choice of V i imply S ⊆ Y . Therefore, S is empty. But S is a countable intersection of dense open subsets of C, so C is not a Baire space. Therefore, X is not completely Baire.
(2 ⇒ 1). We show that if X is not a completely Baire space then there is a countable perfect T D -space Y ∈ Π 0 2 (X). For any closed set C ⊆ X, any Π 0 2 -subset of C is a Π 0 2 subset of X, so it suffices to only consider the case that X is not a Baire space. So assume there are dense open U i ⊆ X such that i∈ω U i is not dense in X. Then there is non-empty open U ⊆ X such that U ∩ i∈ω U i is empty. Clearly U i ∩ U is dense and open in the subspace U , and again any Π 0 2 -subset of U is a Π 0 2 subset of X. We can therefore assume without loss of generality that i∈ω U i is empty in X.
Fix a countable basis {B i } i∈ω of open subsets of X and define B(·, ·) as in Definition 2.2. Fix a function f : ω → ω such that f (n) ≤ n and f −1 ({n}) is infinite for each n ∈ ω.
Choose any
where Cl(·) is the closure operator on X. If V n was empty then every open set intersecting B(x f (n) , n) would contain x f (n) , which would imply x f (n) is in the intersection of the dense open sets U i , a contradiction. Therefore, V n is a non-empty open set, so V n ∩ U 0 is non-empty open, and continuing inductively we have that V n ∩ U 0 ∩ · · · ∩ U n is non-empty. Let x n+1 be any element of this intersection.
Define Y = {x n | n ∈ ω}. For each x ∈ Y and n ∈ ω, there is some y ∈ Y ∩ B(x, n) that is not in the closure of {x}. Thus every open neighborhood of x contains a point in Y that is distinct from x, hence Y is a perfect space. To see that Y is a T D -space, let x ∈ Y be given and let m ∈ ω be the smallest number such that x ∈ U 0 ∩ . . . ∩ U m . Then for all n > m, our choice of x n guarantees that it is in an open set that does not contain x, hence x n is not in the closure of {x}.
It only remains to show that
Since finite subsets of countably based T 0 -spaces are Π 0 2 , it is easy to see that A n ∈ Π 0 2 (X). Then A = n∈ω A n is also in Π 0 2 (X). By our construction, Y is a subset of A. Now let x ∈ A be given. Then there is some n ∈ ω such that x ∈ U 0 ∩ · · · ∩ U n . Since x ∈ A n , it follows that x ∈ {x 0 , . . . , 2 (X) is not completely Baire, then using the equivalence (1 ⇔ 2) already shown above, there is a non-empty countable perfect
The reader should note that in the presence of stronger separation axioms we can reduce the upper bound on the Borel complexity of the countable perfect T D -subspace mentioned in Theorem 4.1. For example, if X is a countably based T D -space then every countable subset of X is a Σ 0 2 -set, hence X is completely Baire if and only if it does not contain a ∆ 0 2 -subspace homeomorphic to S D , S 1 , or S 2 . Hurewicz's original theorem shows that a separable metrizable space is completely Baire if and only if it does not contain a closed subspace homeomorphic to S 2 .
We can also give a slightly stronger characterization for countably based sober spaces. Recall that a non-empty closed set is irreducible if it is not the union of two proper closed subsets. A space is sober if and only if every irreducible closed set equals the closure of a unique point. Every sober space is a T 0 -space, and every T 2 -space is sober. Sobriety is incomparable with the T 1 separation axiom. Neither S D nor S 1 is sober, because in both cases the entire space is an irreducible closed set which is not the closure of any singleton. Theorem 4.3 below shows that these two spaces are the canonical examples of non-sober countably based spaces. Lemma 4.2. Every Π 0 2 -subspace of a sober space is sober. Proof. Assume Y is a sober space, and assume for a contradiction that there is some Z ∈ Π 0 2 (Y ) that is not sober. Let X ⊆ Z be an irreducible closed subset of Z that is not equal to the closure of any singleton. Clearly, X ∈ Π 0 2 (Y ). Let Cl(·) be the closure operator for Y and define C = Cl(X). Assume A 1 and A 2 are closed subsets of Y such that
Since C is the closure of X in Y , it follows that C = A 1 or C = A 2 , hence C is an irreducible closed subset of Y . Therefore, the sobriety of Y implies C = Cl({x}) for some x ∈ Y . Clearly x ∈ X because by assumption X is not the closure of any singleton.
Since For the converse, assume X is a non-sober countably based T 0 -space. Since every closed subset of X is a Π 0 2 -subset, we can assume without loss of generality that X itself is an irreducible closed set that does not equal the closure of any singleton subset. Furthermore, we can assume that X ⊆ Y for some quasi-Polish space Y (in particular, we can take Y = P(ω), which is quasi-Polish and well-known to be universal for countably based T 0 -spaces). Note that every quasi-Polish space is sober (Corollary 39 of [3] ).
Let Cl(·) be the closure operator for Y . Using the same argument as in the proof of Lemma 4.2, there is some x ∈ Y \ X satisfying Cl({x}) = Cl(X). Furthermore, the irreducibility of X implies that if {U i } i∈F is a finite collection of open subsets of Y that intersect X, then i∈F U i also intersects X.
We inductively define an infinite sequence {x n } n∈ω of distinct elements of X.
Choose x n+1 to be any element of V n+1 ∩ X, which is possible because of the observation in the previous paragraph.
Then A = {x n | n ∈ ω} is an infinite subset of X, and {V n } n∈ω is a decreasing sequence of neighborhoods of x satisfying {x} = Cl({x}) ∩ n∈ω V n . In particular, n∈ω V n has empty intersection with X. As in the proof of Theorem 4.1, we can define
and obtain that A = X ∩ n∈ω A n is in Π 0 2 (X). By our construction, Cl({x n }) ∩ A is finite for each n ∈ ω because x n ∈ V n+1 but each x i ∈ V n+1 for i > n. Therefore, A is a countable T D -space. Furthermore, A is a perfect space because for any x i and n ≥ i we have x n+1 ∈ B(x i , n + 1), hence {x i } is not open in A. For a similar reason, A does not contain any infinite T 2 -subspaces because for any i, j ∈ ω and n ≥ i, j we have that all but finitely many elements of A are in B(x i , n + 1) ∩ B(x j , n + 1).
By applying Theorem 3.5, there is S ∈ ∆ 0 2 (A) that is homeomorphic to either S D , S 1 , or S 2 . As we have just shown that A does not contain any infinite T 2 -spaces, S must be homeomorphic to either S D or S 1 . Clearly, S ∈ Π 0 2 (X) because S ∈ ∆ 0 2 (A) and A ∈ Π 0 2 (X). 5. Π 0 3 -spaces We will call a space a Π 0 3 -space if and only if it is homeomorphic to a Π 0 3 -subset of a quasi-Polish space. In Section 6.1 of [3] it was shown that a countably based T 0 -space admits a bicomplete quasi-metric if and only if it is a Π 0 3 -space. The first goal of this section is to show that a Π 0 3 -space is completely Baire if and only if it is quasi-Polish. It was shown in [3] (Corollary 52) that quasi-Polish spaces are Baire spaces, and since every Π 0 2 -subspace of a quasi-Polish space is quasi-Polish, it follows that every quasi-Polish space is completely Baire. Theorem 5.3 below provides a converse for the class of Π 0 3 -spaces. Combining our previous results, this implies that a Π 0 3 -space is either quasi-Polish, or else it contains a Π 0 2 -subset homeomorphic to S D , S 1 , or S 2 . This provides a clear separation between Π 0 3 and Π 0 2 (i.e., quasi-Polish) spaces. The following lemma is a generalization of the Baire category theorem, and has been investigated by R. Heckmann [5] and Becher and Grigorieff [2] in its dual form (i.e., countable intersections of dense Π 0 2 -sets are dense). Lemma 5.1. If X is a Baire space and {A i } i∈ω is a countable collection of sets in Σ 0 2 (X) satisfying X = i∈ω A i , then some A i has non-empty interior with respect to X.
Proof. Let
where Cl(·) is the closure operator on X. Since X is a Baire space and
is non-empty because U intersects the closure of U i j , and clearly
Proof. Assume for a contradiction that there is no Σ 0 2 -set separating A from Y . Let {B i } i∈ω be a basis for X. Define
Then U is open, and there is C ∈ Σ 0 2 (X) separating A ∩ U from Y (just take C to be the countable union of the C i 's). Therefore, if we set A = A \ U , we must have Z = Cl(A ) ∩ Y = ∅. Clearly A ∈ Π 0 2 (X), so we can write A = i∈ω D i with D i ∈ ∆ 0 2 (X). Since Z is a Baire space and Z ⊆ i∈ω X \ D i , there is i, j ∈ ω such that B i ∩ Z = ∅ and Proof. We can write X \ Y = i∈ω A i with A i ∈ Π 0 2 (X). From the previous lemma there is
2 -subspace of a quasi-Polish space is quasi-Polish (Theorem 23 of [3] ), hence Y is quasi-Polish.
We now move on to the next goal of this section, which is to characterize which countable spaces are Π 0 3 -spaces (Theorem 5.6 below). Since every countable subset of a countably based T 0 -space is Σ 0 3 , this amounts to determining when a countable subset of a quasi-Polish space is a ∆ 0 3 -set. In particular, we will see that every countably based countable T D -space is a Π 0 3 -space. Lemma 5.4. Assume Y is a countably based T 0 -space and X ⊆ Y is countable. If for every non-empty A ∈ Π 0 2 (X) there is a finite non-empty F ∈ ∆ 0 2 (A), then X ∈ ∆ 0 3 (Y ). Proof. For each ordinal α, we inductively define X α as follows:
Since X is countable there is some ordinal α < ω 1 such that X α = X α+1 . We define (X) to be the least such ordinal. Using again the fact that X is countable, it is straight forward to show that X α ∈ Π 0 2 (X) for each α < (X). Thus our assumption on X implies that if X α is not empty, then there is a finite non-empty F ∈ ∆ 0 2 (X α ). It follows that {x} is locally closed in X α for each x ∈ F , hence X α = X α+1 . Therefore, X (X) = ∅.
The lemma is trivial if X is finite, so fix an infinite enumeration x 0 , x 1 , . . . of X without repetitions. Since X (X) = ∅, for each i ∈ ω there is a countable ordinal α i < (X) such that For each i ∈ ω, define A i = Cl({x i }) ∩ U i . Then A i ∈ ∆ 0 2 (Y ) and x i ∈ A i . Next, for each i ∈ ω, let {V i j } j∈ω be a decreasing sequence of open subsets of Y such that {x i } = Cl({x i }) ∩ j∈ω V i j , and x k ∈ V i j whenever k ≤ j and x i ∈ Cl({x k }).
, and X ⊆ W is clear from the construction.
Next, let y ∈ W be fixed. The set of ordinals {α i | y ∈ A i } is non-empty, so let α be its minimal element. Then there is some k ∈ ω satisfying α k = α and y ∈ A k (it actually turns out that k is uniquely determined).
Assume for a contradiction that there is j ≥ k and
is an open set containing y and y ∈ Cl({x k }). Thus, k ≤ j together with our definition of V i j implies x i ∈ Cl({x k }). We also have x i ∈ U k because y ∈ U k and y ∈ Cl({x i }). Since Cl({x k }) ∩ U k ∩ X α k = {x k }, we must have x i ∈ X α k . But then y ∈ A i and α i < α k , contradicting our choice of α.
Since y ∈ j∈ω W j , the above argument implies that y ∈ A k ∩ V k j for all j ≥ k. It follows that y ∈ Cl({x k }) ∩ V k j for all j ∈ ω because A k ⊆ Cl({x k }) and because the sequence {V k j } j∈ω is decreasing. Our choice of V k j implies y = x k , and since y ∈ W was arbitrary, we obtain W ⊆ X.
Therefore, X = W ∈ Π 0 3 (Y ). As every countable subset of a countably based space is a Σ 0 3 -set, it follows that X ∈ ∆ 0 3 (Y ). The use of transfinite ordinals in the above proof might seem excessive. However, the following example suggests that it is not avoidable.
Let ω <n be the set of sequences of natural numbers of length less than n. Give ω <n the topology generated by subbasic open sets of the form B σ = ω <n \ {σ ∈ ω <n | σ σ }, where σ varies over elements of ω <n and is the prefix relation. The specialization order on ω <n is simply . Then {σ} is locally closed in ω <n if and only if the length of σ equals n − 1. Therefore, (ω <n ) = n. If we take X to be the disjoint union of the sequence of spaces {ω <n } n∈ω , then (X) = ω.
Every finite subset of a T D -space is a ∆ 0 2 -set, so we immediately obtain the following corollary of Lemma 5.4. (1) X ∈ ∆ 0 3 (Y ), (2) Every non-empty A ∈ Π 0 2 (X) contains a finite non-empty F ∈ ∆ 0 2 (A), (3) For every non-empty A ⊆ X there is x ∈ A such that {x} is locally closed in A.
Proof. The implication (3 ⇒ 2) is trivial and the implication (2 ⇒ 1) follows from Lemma 5.4.
We only provide a sketch of the proof for the implication (1 ⇒ 3) , and the reader should consult Section 6.1 of [3] for background on the properties of bicomplete quasi-metrics that we use here.
If X ∈ ∆ 0 3 (Y ), then by Theorem 32 of [3] there is a quasi-metric d compatible with the topology on X such that the induced metric space (X, d) is Polish. Since (X, d) is a countable Polish space it is scattered, which means it does not contain a non-empty perfect subspace (see [7] or Section 12 of [3] ). This implies that for any non-empty A ⊆ X there is x ∈ A such that {x} is open in (A, d) . By Theorem 14 of [3] , every open subset of (A, d) is a Σ 0 2 -subset of (A, d), hence {x} is a Σ 0 2 -subset of (A, d). Therefore, {x} = U \ V for some pair of sets U, V ⊆ A that are open in (A, d), hence {x} is locally closed within the subspace A of X.
Countable spaces
So far we have not had much to say about the space S 0 , but it plays the central role in this section where we can finally characterize all of the countably based countable T 0 -spaces that are not quasi-Polish. Note that the specialization order on S 0 is the inverse of the prefix order on ω <ω .
In this section, we will prove that a countably based completely Baire T 0 -space with countably many points is either quasi-Polish or else contains S 0 as a Π 0 2 -subspace. Combined with our previous results (Theorems 4.1 and 5.3), this implies that a countably based countable T 0 -space is either quasi-Polish or else it contains a Π 0 2 -subspace homeomorphic to
As stated in the introduction, a subbasis for the closed subsets of S 0 is given by sets of the form ↑ p = {q ∈ ω <ω | p q} for p ∈ ω <ω . By taking finite unions we obtain a basis for the closed subsets of S 0 . In particular, if F ⊆ S 0 is finite, then its closure Cl(F ) in S 0 equals the finite union p∈F ↑ p. Thus every closed subset of S 0 is equal to an intersection of the form i∈I Cl(F i ), where {F i } i∈I is a collection of finite subsets of S 0 . It follows that if A ⊆ S 0 is closed and x ∈ A, then there is finite F ⊆ S 0 such that A ⊆ Cl(F ) and x ∈ Cl(F ). Because of this fact, proofs concerning the topology of S 0 tend to focus on closures of finite subsets, but it is important to note that not all closed subsets of S 0 are of this form. In fact, the topology of S 0 is uncountable, which the author only became aware of after discussions with Victor Selivanov concerning the space S 0 . Proposition 6.1. The topology on S 0 is uncountable.
Proof. We construct an injection that maps each p ∈ ω ω to a closed subset A p of S 0 . Given p ∈ ω ω , define F 
Finally, we show that the mapping p → A p is an injection. Fix any distinct pair p, q ∈ ω ω and n ∈ ω with p(n) = q(n). Then 0 n (p(n) + 1) is in A p but not in A q because the only sequence in A q consisting of a sequence of n zeros followed by a single non-zero number is 0 n (q(n) + 1).
From Theorem 5.6 above, we know that S 0 is not quasi-Polish, and not even a Π 0 3 -space, because there is no x ∈ S 0 for which {x} is locally closed. Indeed, if x ∈ U ∩ A with U ⊆ S 0 open and A ⊆ S 0 closed, then from our discussion of the topology of S 0 above, there is finite F ⊆ S 0 such that the complement of U is contained in Cl(F ) and x ∈ Cl(F ). Since x ∈ Cl(F ), any immediate successor (with respect to ) of x that is in Cl(F ) must actually be in the finite set F , which implies that all but finitely many immediate successors of x are in U . All of the immediate successors of x are in A, hence infinitely many immediate successors of x are in U ∩ A. Therefore, {x} is not locally closed.
However, we can show that S 0 is a completely Baire space.
Lemma 6.2. If A ⊆ S 0 is closed, then the subset D ⊆ A of elements that are maximal with respect to the specialization order ≤ is a discrete subspace. Furthermore,
Proof. We first prove the last statement of the lemma. Let C = {y ∈ S 0 | (∃z ∈ D) y ≤ z}. It is clear that Cl(D) ⊆ A. Furthermore, since the prefix order on ω <ω is well-founded, every element of A is below a maximal element of A with respect to ≤, hence A ⊆ C. Finally, for every y ∈ C there is z ∈ D such that y ∈ Cl({z}), hence C ⊆ Cl(D).
Next we show that every singleton subspace of D is open in the subspace topology on D. Let x be any element of D. If x is the maximal element of S 0 (the empty string ε), then D = {x} and the proof is complete. Otherwise, x = σ n for some σ ∈ ω <ω and n ∈ ω. Maximality of x in A implies σ ∈ A, so there is finite F ⊆ S 0 such that A ⊆ Cl(F ) and σ ∈ Cl(F ). Note that x is in F and in fact x is a maximal element of F because x is the immediate successor of σ with respect to the prefix relation. Let U be the complement of Cl(F \ {x}). Maximality of x in F guarantees that x ∈ U . Furthermore, U ∩ D ⊆ Cl(F ) \ Cl(F \ {x}), which implies every z ∈ U ∩ D satisfies z ≤ x and thus z = x by maximality of z in D. It follows that U ∩ D = {x}, and therefore D is a discrete subspace. Theorem 6.3. S 0 is completely Baire.
Proof. Let A be a non-empty closed subspace of S 0 . From the previous lemma, the subset D of maximal elements of A is a discrete subspace and is non-empty because A = Cl(D).
Let V be a dense (relatively) open subset of A. Given any
It follows that any dense open subset of A must contain all of D, which implies A is a Baire space.
We next work towards showing that S 0 is in a sense canonical among the countable completely Baire spaces that are not quasi-Polish spaces. As before, in the following proofs we will denote the specialization order by ≤.
Lemma 6.4. Let X be a non-empty countably based T 0 -space such that: (1) X has countably many points, (2) X is completely Baire, (3) Every non-empty ∆ 0 2 -subset of X is infinite. Then X contains a Π 0 2 -subspace homeomorphic to S 0 . Proof. Fix a countable basis {B i } i∈ω of open subsets of X and define B(·, ·) as in Definition 2.2. Fix a bijection r : ω <ω → ω such that r(ε) = 0, r(σ) ≤ r(σ n), and r(σ n) ≤ r(σ m) for each σ ∈ ω <ω and n, m ∈ ω with n ≤ m. A simple inductive argument shows that r(σ n) ≥ n for all σ ∈ ω <ω and n ∈ ω. Let ρ : ω → ω <ω be the inverse of r. We also fix a bijection φ : ω → X.
In the procedure described below, we will construct: (i) a (possibly finite) decreasing sequence A 0 , A 1 , . . . of non-empty ∆ 0 2 -subsets of X such that φ(k) ∈ A k+1 whenever A k+1 is defined, and (ii) for each k at which A k is defined, a (possibly finite) sequence of pairs
The pairs will be constructed in the order listed above, but it will be convenient to subindex them using elements of ω <ω . Furthermore, the sequence will be constructed in such a way that when we define x k ρ(t) we have x for each τ, τ ∈ ω <ω satisfying r(τ ), r(τ ) ≤ t (hence x k τ and x k τ are already defined). The procedure begins by defining A 0 = X, which is trivially ∆ 0 2 , and going to step (0, 0).
Step (k, 0): Fix any element x k ε from A k and set W k ε = A k . Clearly the conditions listed in (i) and (ii) above are maintained. Go to step (k, 1).
Step (k, t) (t > 0): Let σ n = ρ(t) and define R = {τ ∈ ω <ω | r(τ ) < t & τ σ}. We can assume that x k ρ(s) and W k ρ(s) have been defined for all s < t. In particular, x k σ and W k σ are defined, and W k σ ∈ ∆ 0 2 (X) and
Thus W k σ n ∈ ∆ 0 2 (X) and W k σ n ⊆ W k σ ⊆ A k . Furthermore, for any τ ∈ R we have r(σ), r(τ ) < t and τ σ, hence x k σ ≤ x k τ by the condition in (ii). It follows that x k σ ∈ W k σ n , and thus W k σ n is infinite because it is non-empty. There are two cases: (a) There is x ∈ W k σ n that is distinct from x k σ and incomparable (with respect to ≤) with x k τ for each τ ∈ R. In this case we define x k σ n = x. We must check that the conditions in (ii) still hold. Fix any τ with r(τ ) < t (the case r(τ ) = t is trivial). Then σ n τ by our choice of r, hence if τ ∈ R then σ n and τ must be incomparable with respect to , and x k σ n was chosen to be incomparable with x k τ with respect to ≤. If τ ∈ R then τ σ and we have x k σ n < x k σ ≤ x k τ . Therefore, the conditions in (i) and (ii) hold. Proceed to step (k, t + 1).
(b) Otherwise, for each x ∈ W k σ n that is distinct from x k σ there is τ ∈ R with x k τ < x. Choose y ∈ W k σ n such that y = φ(k), which is possible because W k σ n is infinite. Let U be an open neighborhood of y small enough that φ(k) ∈ U ∩ Cl({y}). Define A k+1 = W k σ n ∩ U ∩ Cl({y}). Note that y ∈ A k+1 ⊆ A k and φ(k) ∈ A k+1 , hence the conditions in (i) and (ii) hold. Go to step (k + 1, 0). Assume for a contradiction that for each k ∈ ω there is t k ∈ ω such that the above procedure enters case (b) of step (k, t k ). Then A k is defined for each k ∈ ω, and {A k } k∈ω is an infinite decreasing sequence of ∆ 0 2 -subsets of X. Furthermore, the intersection k∈ω A k is empty because φ(k) ∈ A k+1 and φ : ω → X is a bijection.
Define T ⊆ ω <ω so that q ∈ T if and only if (1) (∀k < |q|)[q(k) < t k ], and
, where |q| denotes the length of q.
We show by induction that for each k ∈ ω and t < t k there is q ∈ T with q(k) = t. The case k = 0 is trivial. Assume the claim holds for k ∈ ω and fix t < t k+1 . Let σ n = ρ(t k ). Since case (b) holds at step (k, t k ) and
. By the induction hypothesis there is q ∈ T with q(k) = s. Then q t ∈ T , which proves the inductive step.
It follows that T is an infinite finitely branching tree, hence König's lemma implies that T contains an infinite path p. Define y k = x k ρ(p(k)) . Then the sequence {y k } k∈ω satisfies y k ∈ A k and y k < y k+1 for each k ∈ ω. Clearly Y = {y k | k ∈ ω} is homeomorphic to S D , and by defining Y k = {y 0 , . . . , y k } ∪ A k+1 we have Y = k∈ω Y k because {A k } k∈ω has empty intersection. It follows that Y is a Π 0 2 -subset of X, which contradicts Theorem 4.1 and our assumption that X is completely Baire.
It follows that there must be k ∈ ω such that the above procedure reaches step (k, 0) and thereafter only case (a) holds. This means that the procedure enters step (k, t) for each t ∈ ω, hence x k σ is defined for each σ ∈ ω <ω . Let S = {x k σ | σ ∈ ω <ω }. We next show that the mapping f : S 0 → S defined as f (σ) = x k σ is a homeomorphism. From the condition in (ii) above, we have that x k τ ≤ x k τ if and only if τ τ , which shows that f is an order isomorphism between S 0 and S (with respect to the specialization orders). Thus for any finite F ⊆ S 0 and x ∈ S we have x ∈ f (Cl(F )) iff
. It follows that the image of each basic closed subset of S 0 under f is a closed subset of S, hence f −1 is continuous. Therefore, it only remains to prove that f is continuous.
Let B i be any basic open subset of X. First assume f (ε) ∈ B i . Then for each σ ∈ S 0 we have ε σ hence f (σ) ≤ f (ε) which implies f (σ) ∈ B i . Therefore, f −1 (B i ) = ∅ is open.
Next assume f (ε) ∈ B i . Note that if f (σ) ∈ B i and either r(σ) ≥ i or n ≥ i holds, then r(σ n) ≥ max{r(σ), n} ≥ i which implies W k σ n ⊆ B(f (σ), r(σ n)) ⊆ B i , hence f (σ n) ∈ B i . Thus f (σ) ∈ B i implies f (σ n) ∈ B i for all but finitely many n. We can also conclude that the set is finite because r is a bijection and σ ∈ P implies r(σ) < i. It follows that the set Q = {σ n ∈ S 0 | f (σ) ∈ B i and f (σ n) ∈ B i } is finite. Since f (ε) ∈ B i , by again using the fact that B i is an upper set and τ τ implies f (τ ) ≤ f (τ ), it is clear that f (σ) ∈ B i if and only if σ has a prefix in the finite set Q.
We conclude that S is homeomorphic to S 0 .
To complete the proof we must show that S ∈ Π 0 2 (X). Given x ∈ X \ S, the set Z = Cl({x}) ∩ S is closed in S. Since S is homeomorphic to S 0 and Z is closed in S, Lemma 6.2 implies that the subspace D of elements in Z that are maximal with respect to the specialization order is a discrete space and
We next show that x ∈ Cl(D). This is trivial if D is empty. Otherwise, there is some y ∈ D and some open U ⊆ X such that U ∩ D = {y} because D is discrete. Then x ∈ U because y ∈ Cl({x}). Clearly, x ∈ Cl({y}) because otherwise we would obtain x = y ∈ D ⊆ S, contradicting the assumption x ∈ S. Therefore, U \ Cl({y}) is an open neighborhood of x that does not intersect D.
Since Cl({x}) ∩ S ⊆ Cl(D), it follows that Cl({x}) \ Cl(D) is a locally closed set containing x that is disjoint from S. Since X is countable, X \ S is a countable union of locally closed sets, hence S ∈ Π 0 2 (X). Theorem 6.5. If X is a countably based completely Baire T 0 -space with countably many points, then either X is quasi-Polish or else X contains a Π 0 2 -subset homeomorphic to S 0 . Proof. Assume X is not quasi-Polish. We can assume that X is a subspace of some quasiPolish space Y . Since X is completely Baire but not quasi-Polish, Theorem 5.3 implies X ∈ Π 0 3 (Y ), hence X ∈ ∆ 0 3 (Y ). It follows from Theorem 5.6 that there is a non-empty A ∈ Π 0 2 (X) such that every non-empty F ∈ ∆ 0 2 (A) is infinite. By Theorem 4.1 and the assumption that X is completely Baire, we obtain that A is also completely Baire. Clearly, A is countable and it is infinite because by assumption A is non-empty hence A ∈ ∆ 0 2 (A) is infinite. We can now apply Lemma 6.4 to obtain a subspace S ∈ Π 0 2 (A) which is homeomorphic to S 0 . Since A ∈ Π 0 2 (X), it follows that S ∈ Π 0 2 (X) as required. Corollary 6.6. Every sober space with a countable topology is quasi-Polish.
Proof. Let X be a sober space with a countable topology. It is well known that every sober space is a T 0 -space, hence having a countable topology implies that X has only countably many points. Then X is completely Baire, because otherwise Theorem 4.4 would imply X contains a subspace homeomorphic to S 2 , which is impossible because the topology on S 2 is uncountable. Finally, X must be quasi-Polish, because otherwise Theorem 6.5 would imply X contains S 0 , which is again impossible because the topology of S 0 is uncountable by Proposition 6.1.
Co-analytic spaces
We call a subset A of a quasi-Polish space X analytic if either A is empty or else there exists a continuous function f : ω ω → X such that A = f (ω ω ). There are several equivalent characterizations of analytic subsets of quasi-Polish spaces, just as in the case for Polish spaces. In the following, π X : X × Y → X denotes the projection onto X. Lemma 7.1 (see [3] ). The following are equivalent for any subset A of a quasi-Polish space X: (1) A is analytic, (2) A = π X (F ) for some Π 0 2 subset F ⊆ X × ω ω , (3) A = π X (B) for some quasi-Polish Y and Borel subset B ⊆ X × Y , (4) A = f (Y ) for some quasi-Polish Y and continuous f : Y → X.
Complements of analytic sets are called co-analytic. The set of analytic subsets of a quasi-Polish space X will be denoted Σ 1 1 (X), and the set of co-analytic subsets will be denoted Π 1 1 (X). Souslin's Theorem extends to quasi-Polish spaces, which means that Σ 1 1 (X) ∩ Π 1 1 (X) is equal to the set of Borel subsets of X (see Theorem 58 of [3] ). We now prove the main result of this paper, which is a generalization of a theorem by Hurewicz [6] . Proof. Assume X is a co-analytic subset of a quasi-Polish space Y . If X is not completely Baire, then Theorem 4.1 implies that some Π 0 2 subset of X is homeomorphic to S 2 , S 1 , or S D . Therefore, we can assume without loss of generality that X is completely Baire.
Fix a basis {B i } i∈ω for Y , and let Y be the space obtained by refining the topology on Y with the sets Y \ B i for i ∈ ω. The bijection f : Y → Y , which acts as the identity on the points of Y , is clearly Σ 0 2 -measurable (i.e., preimages of open sets are Σ 0 2 ), and the inverse f −1 is continuous. Thus X = f (X) is a co-analytic subset of Y . Furthermore, Y is a zero-dimensional countably based Hausdorff space, hence metrizable, so Theorem 75 of [3] implies Y is Polish. If X ∈ Π 0 2 ( Y ), then X ∈ Π 0 3 (Y ) follows from f being Σ 0 2 -measurable, hence Theorem 5.3 implies X is quasi-Polish.
So assume X ∈ Π 0 2 ( Y ). Then X is a co-analytic subset of a Polish space which is not Polish, hence the original version of Hurewicz's theorem implies that X contains a relatively closed subset C which is homeomorphic to S 2 . Thus, C = f −1 ( C) is in Π 0 2 (X) because f is Σ 0 2 -measurable. Theorem 4.1 and our assumption that X is completely Baire implies that C is a countable completely Baire space, but another application of Theorem 75 from [3] shows that C cannot be quasi-Polish. By Theorem 6.5, there is S ∈ Π 0 2 (C) which is homeomorphic to S 0 , and clearly S is a Π 0 2 -subset of X because C ∈ Π 0 2 (X). The co-analytic criterion can not be removed in general. According to [7] , it is independent of ZFC whether or not every metrizable completely Baire space in the projective hierarchy is Polish. Therefore, it is consistent with ZFC to replace "co-analytic" in the above theorem with any other level of the projective hierarchy. However, with heavy use of the axiom of choice it is possible within ZFC to construct a metrizable completely Baire space that is not Polish (this is Exercise 21.20 in [7] , but an explicit construction of such a space can be found in the proof of Theorem 3.7 in [10] ).
Clearly, a T D -space cannot contain S 0 as a subspace, so we obtain the following.
Corollary 7.3. Every completely Baire co-analytic T D -subspace of a quasi-Polish space is quasi-Polish.
